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Abstract. We construct a relative Chow-Kiinneth decomposition for a conic bundle 
over a surface such that the middle projector gives the Prym variety of the associated 
double covering of the discriminant of the conic bundle. This gives a refinement (up to 
an isogeny) of Beauville's theorem on the relation between the intermediate Jacobian 
of the conic bundle and the Prym variety of the double covering. 



Introduction 

Let f : X ^ S he a, conic bundle over a surface, i.e., X is a smooth projective threefold 
over k, S is a projective surface over k and the fibers of / are conies, where /c is a perfect 
field with char/c 7^ 2. Let C be the discriminant of /; it is a curve whose singularities are 
ordinary double points, see [3]. (Here C is not necessarily connected.) The singularities of 
C are the points s E S such that f~^{s) is a double line. Put Xc = f~^{C), and let Xc be 
its normalization (which is smooth). Let C denote Fi{Xc/C), the relative Fano scheme 
of lines of Xc over C (i.e. its fiber over s G C consists of the irreducible components of 
f~^{s)). In [3, 0.3] it is shown that the canonical morphism p : C — > C is an admissible 
double covering ('pseudo-revetement' in the terminology of [3]). Hence p : C — > C is 
an etale double covering outside Sing (C) and the inverse image of a double point of C 
is an ordinary double point of C. Let D and C denote respectively the normalizations 
of C and C (which are denoted respectively by and in [3], [6]). Let Cj be the 
irreducible components of C. Let be the normalization of Cj, and Dj be the union of 
the irreducible components of D whose image in C is Cj . Renumbering the Cj if necessary, 
there are integers r > r' > such that the restriction p'j of the double covering p : C ^ C 
over Cj \ SingC is trivial if and only if 1 < j < r', and the base change of p'j by /c — > A; is 
trivial if and only if 1 < j < r. 

Let Vx be the generalized Prym variety associated to the double covering p : C ^ C, 
as defined in [3, 0.3.2]. Then Vx is isogenous to the product of the Prym varieties of Dj/C'j, 
see [3], Prop. 0.3.3 (cf. also [6, Prop. 1.5]). Let aj be the involution of Dj associated to 
the double covering 

Identifying aj with its graph, we obtain an idempotent 

:= {id - aj)/2 G Cor^(Dj-, D^) = CB.^{Dj Xg £>j)q 
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in the group of relative correspondences (see 1.6 for the definition). We define a Chow 
motive, called the Prym motive, by 

Prym(I^,/C;) := 

This is a relative Chow motive, and can be viewed as an absolute Chow motive, see (1.6.1). 
Let h^{X), h^{S), h^{C'j) denote the z-th component of the Chow-Kiinneth decomposition 
[17], [18] (their existence was proved there for h^{S), h^iC'^) and in [1] for h^{X)). Set 
h{X) = 0. h^{X) (= (X, A) where A is the diagonal), and similarly for h{S), h{C'j). 
For j > r, define as absolute Chow motives 

PTym\Dj/Cj) := PTym{Dj/Cj) if i = 1, and otherwise. 

Then Fiyrn^ {Dj /Cj) is identified with the Prym variety of Dj/Cj by Weil's theory of 
correspondences between curves. 

If j < choosing G CH^(Cj)Q such that the degree of its restriction to each 
irreducible component of (g)^ ^ is 1, we can construct a decomposition as absolute Chow 
motives (see (1.11) below) 

Prym(i;,/q) = ®loPrym\Dj/C'j), 

such that we have in case k — k 

PTym\Dj/C'^)^h\C'^). 

However, it does not seem that the last isomorphisms hold in case k ^ k, see (1.12). 

Let £ be a prime different from the characteristic of k, and let CH^jg(X)Q be the 
subgroup of CW{X)q consisting of cycles algebraically equivalent to zero. The following 
gives a generalization of [3], [6] (and [1], where the authors proved the existence of a 
Chow-Kiinneth decomposition), and has been conjectured by the first author [19]. 

Theorem 1. There is a self-dual Chow-Kunneth decomposition for X together with iso- 
morphisms of Chow motives 

h\X) - h\S) © h'-\S){-l) © (0 . Prym'-\Dj/C'j){-l)), 

where (—1) denotes the Tate twist of Chow motives. In particular, if H^{S]^,Q() = or 
equivalently CH^ig(5'^)Q = 0, then 

h\X)^®^Pry^\D,/C'^){-l). 

Note that if = or more generally r = r' , then the first isomorphisms become 

h\X) = h'{S) © h\S){-l) e (0.^^/,i(Cj)(-l)) © (0.^^Prym(D,-/Cj)(-l)), 
h\X) - h\S) © h'-\S)i-l) © (0 h'-\C'^)i-l)) if z ^ 3. 
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Theorem 1 gives a refinement (up to an isogeny) of a theorem of Beauville [3] in the 
case of conic bundles over with smooth C, where he gave an isomorphism between 
the intermediate Jacobian of X and the Prym variety Vx of C/C as principally polarized 
abelian varieties over C. Note that Theorem 1 in the case k — C implies an isomorphism 
of Q-Hodge structures 

H\x) = H'{S) e H\s){-i) e (0 .Coker(iyi(c;) ^ H'iDM--^))- 

To show Theorem 1, we consider the relative Chow-Kiinneth decomposition for / (see 
[9], [14], [15], [22]) in the 'weak' and 'strong' sense (see 1.7 for notation), and prove the 
following (which has been studied in [19]). 

Theorem 2. There is a canonical self-dual relative Chow-Kiinneth decomposition for f in 
the weak sense, and the projectors TTf^-i, TTf^ and tt/^i define relative Chow motives iso- 
morphic to {S,As), 0^- Prym(£)j/Cj)(— 1) and {S, As){ — 1) respectively, where As is the 
diagonal of SxS. Moreover, there is a canonical self-dual relative Chow-Kiinneth decompo- 
sition for f in the strong sense, and the relative projector iTf^j corresponding to the direct 
factor supported on Cj defines a relative Chow motive isomorphic to Prym(L>j/Cj)( — 1) . 

The proof of Theorem 2 follows from a calculation of the composition of certain 
relative correspondences by decomposing these into the compositions of more elementary 
correspondences. Here we have to show the vanishing of certain 'phantom' motives. The 
construction of the middle projector is due to the first author [19]. We have the uniqueness 
of the self-dual decompositions in case r = 0, see Remark (2.6). 

From Theorem 2 we can deduce the following generalization of [3], Th. 3.6 (where 
k = k and S = P^) and [6], Th. 2.6 (where k = k, char A; = and C is irreducible). 

Corollary 1. There is a canonical isomorphism 

CH^,g(X)Q = CRl,^{S)ci © CHiig(5)Q © Px(fc)Q. 
In particular, if H^{S^, Qg) = or equivalently CH^jg(S'^)Q = 0, then 

CH^,g(X)Q = CH^,g(5)Q © Vxik)ci. 
If furthermore CH^(5')q = Q, then 

CH^ig(X)Q=Px(A:)Q. 

In case k = k and char /c = 0, the condition CH^(S')q = Q implies II'^{S, Os) — for 
z = 1,2, see [16]. Its converse was conjectured by S. Bloch [7], and has been proved at 
least if S is not of general type, see [8] and also [2] , etc. 

In Section 1 we review some basic facts related to conic bundles and Chow-Kiinneth 
decompositions. In Section 2 we prove the main theorems. 
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This paper grew out of several discussions between the authors. We would like to 
thank J. Murre for useful discussions, and for giving us the opportunity of the discussions. 

1. Preliminaries 

1.1. Conic bundles. Let / : X ^ 5" be a conic bundle with dimX = 3 and dimS* = 2. 
Let C be the discriminant. It is a divisor with normal crossings, see [3]. Locally X is a 
subvariety oiU x P^ defined by a relative quadratic form where U is an open subvariety 
of S. Note that Xs := f~^{s) is a union of two lines (resp. a line) in P^ if s is a smooth 
(resp. singular) point of C. Let Xc = f~^{C), and let Xc be its normalization. Let C be 
the normalization of C. Then Xc is smooth, and is a P^-bundle over a double covering D 
of C (its fibers are lines in locally). 

Let Cj be the irreducible components of C. Let be the normalization of Cj, 
and Dj be the union of the irreducible components of D whose image in C is Cj. Put 
Cj = Cj \ Sing C. In the sequel we shall identify Cj with the corresponding subset of the 
normalization Cj. Let 

Pj : Dj Cj 

be the double covering, and put Dj = p~^{C°). Consider the condition: 

(1.1.1) The double covering D°j — > Cj* is trivial. 

Renumbering the Cj if necessary, there are integers r > r' > such that 
Condition (1.1.1) holds if and only if 1 < j < r'. 

Condition (1.1.1) holds after the base change A; — > ^ if and only if 1 < j < r. 

1.2. Remark. In case C° ®k k is not connected, condition (1.1.1) depends only on the 
restriction over any connected component of (7° (8)^ k. Indeed, let Kj and Kj denote 
respectively the function fields of C° and and set kj = Kj (Ik, kj = Kj (Ik. Let rij 
and n'j denote respectively the numbers of connected components of C° <Sik k and Dj <Sik k. 
Then 

(1.2.1) rij — degkj/k, n'j — degkj/k. 

Hence deg kj/kj is either 2 or 1, depending on whether the covering is trivial or not. 

To show (1.2.1), let k" D k he a sufficiently large finite Galois extension in A; C Kj 
containing kj, kj. Then Kjk" is a Galois extension over Kj such that the restriction 
induces an isomorphism of Galois groups 

Gal{Kjk"/Kj) ^ Gal{k"/kj). 

So deg k"/kj — degKjk" /Kj, and hence 

Kj ®fe . k" = Kjk", 
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i.e. Cj is absolutely irreducible over kj, where kj C r(C°,C) since Cj is normal. (A 
similar assertion holds for Kj.) Thus (1.2.1) is proved. 

1.3. Example. Let Ej be line bundles on 5, and aj be sections of Ej (8) Ej for j = 0, 1, 2. 

Assume the zeros of aj are smooth divisors Cj and their union C is a divisor with normal 
crossings on S. Then these define a conic bundle f : X S such that X is locally defined 

by 

Eo<j<2%^i = in t/ X 

trivializing Ej locally over an open subvariety U of S. Condition (1.1.1) does not hold if 
Cj n SingC 4 0, see (1.4.4) below. 

1.4. Decomposition theorem. Assume that k is an algebraically closed field. 

The decomposition theorem [5] states that if / : X — > S' is a proper morphism of 
irreducible varieties over k such that X is smooth, there is a non canonical isomorphism 
(n = dimX) 

RUQl,x[n] ~ 0.Pi?7,(Q,,^[n])[-j] 
in D^{S, Qi) together with canonical isomorphisms 

^i?7*(Q£,xW)~e^iCz(£;^o), 

where Z runs over the integral closed subvarieties of S, E'^^o is a smooth Q^-sheaf over a 
dense open subset Z° C Z and {Z \ E\^o 7^ 0} is a finite set. See [5] for the definition of 
Dl{S, Qt) and PR'f, := PWIif,. 

With the notation and the assumptions of (1.1), let Lj : C" := Cj \ SingC — * Cj 
denote the inclusion. In our case the decomposition theorem implies the existence of a 
noncanonical isomorphism 

(1.4.1) R/*Q^,x[3]~e_i<,<i^i?7*(QAx[3])H] in D'^{S,Qe), 

together with canonical isomorphisms 

^ ■ ■ ^ ^i?V*(Q^,x[3]) = e,.(g.L,.[i]. 

Here Lj is the restriction to C° of {{pj)*Q£,Dj/Q£,c'.){~^) with pj : Dj Cj the natural 
morphism. It is a smooth Q^-sheaf of rank 1. 
Note that 

(1.4.3) Condition (1.1.1) is equivalent to r(C°, Lj) ^ 0. 

Since the fiber of / at s G Cj \ C° is a line, the stalk of {ij)^Lj at s G Cj \ C" vanishes and 
hence {ij)^Lj — {Lj)\Lj, i.e. the local monodromy of Lj around s is nontrivial. So we get 

(1.4.4) Condition (1.1.1) does not hold if Cj D SingC ^ 0. 
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Note that the last condition is equivalent to that any connected component of C has a 
singular point. 

1.5. Chow motives. Let X, Y be smooth projective varieties over a perfect field k. 
Assume X is equidimensional. Then the group of correspondences is defined by 

Cor^(X,F) = CH'^^™^+*(X Xfe r)Q. 

In general, we take the direct sum over the connected components of X. A Chow m,otive 
is defined by (X, 7r,i) where tt G Cor^(X, X) is an idempotent (i.e. tt^ = tt) and i e Z. 
Note that i is related to morphisms of Chow motives which are defined by 

Hom((X, TT, i) , (y, tt', j)) = tt' o Corf ^ {X, Y) o tt. 

Sometimes we denote {X, n, 0) by {X, tt). The Tate twist of Chow motives is defined by 

{X, TT, i) (m) = {X, TT, z + m) . 

Similarly we can define relative Chow motives (see [9], [12]) using relative correspon- 
dences defined as below. 

1.6. Relative correspondences. Let X, Y be smooth varieties over a perfect field k with 
projective morphisms f : X ^ S , g : Y ^ S over k. The group of relative correspondences 
is defined by 

if y is equidimensional. In general we take the direct sum over the connected components of 
y . The composition of relative correspondences is defined by using the pull-back associated 
to the cartesian diagram 

XxsYxsZ ^ {XxsY)Xk{YxsZ) 

i i 
Y ^ YXkY, 

together with the pushforward hy X XsY Xs Z ^ X Xs see [9] , [13] . There is a natural 
morphism 

(1.6.1) CorKX,y)^CorUX,y), 

which is compatible with composition. This induces a forgetful functor from the category 
of relative Chow motives over 5" to the category of Chow motives over k, see [9]. 
li k = k we have the action of correspondences 



Cor^ (X, y ) ^ Hom(R/, Q^,x , R^* Q^,^ (^ ) [2i] ) 

^ .Hom(Pi?V* ,x <7* Q^,y («) ) . 



This is compatible with the composition of correspondences, see loc. cit. 
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1.7. Relative Chow-Kiinneth decomposition. Let / : X — > S' be a proper morphism 

of irreducible varieties over k. We say that / admits a relative Chow-Kiinneth decomposi- 
tion in the weak sense if there exist mutually orthogonal idempotents ttj ^ G Coy^{X, X) 
such that TTf^i — Ax (where Ax denotes the diagonal) and such that the action of 7r/,i 
on ^R^ f^iQi.xin]) is the identify for i = j, and vanishes otherwise; see [22]. In case k 
is not algebraically closed, we say that mutually orthogonal idempotents define a relative 
Chow-Kiinneth decomposition if their base changes by A; —> A; do. 

We say that f : X ^ S admits a relative Chow-Kiinneth decomposition in the 
strong sense if there exist mutually orthogonal idempotents TTi^z £ Coy^{X, X) such 
that X^j^TTj^z = and such that the action of TTj^^ on lCw{E^o) is the identity if 
(z, Z) = {j, W) and zero otherwise. 

Note that / admits a relative Chow-Kiinneth decomposition in the strong sense if and 
only if f : X ^ S satisfies the motivic decomposition conjecture [9], [14]. 

In the case of a conic bundle over a surface (notation and assumptions as in (1.4)), 
assume there are mutually orthogonal idempotents 

TTf^i e Cor^(X,X) = CR\X XsX)q for i = -1,0,1, 

defining a relative Chow-Kiinneth decomposition for /, and let 7r/,o,j be mutually orthog- 
onal relative projectors such that tt/^q = Xlj '^f,o,j- 

(Note that nf^i °7r/,o,j = '!^f,i °7r/,o °^/,o,j = for i = ±1.) The projectors tt/^oj define 
a relative Chow-Kiinneth decomposition for / in the strong sense if the action of TTf^j on 
the direct factor supported on Cj' is the identify for j = j', and vanishes otherwise. In case 
k is not algebraically closed, the above condition should be satisfied for the base change 
hj k ^ k, where the direct factor supported on Cj' should be replaced by the direct factor 
supported on the base change of Cj'. 

We say that a decomposition is self-dual if the projectors satisfy the self-duality 

= 7r/,oj = *7r/,o,j (in the strong case). 

1.8. Heuristic argument. With the notation and the assumptions of (1.4), assume that 
the decomposition (1.4.1) holds in the derived category of (conjectural) motivic sheaves 
D^M.{S) (see [4]) where the following isomorphism should hold: 

(1.8.1) End^.^(5)(R/,Q^[3]) = Cor° (X,X) (:= CR\X Xs X)q). 

Here Q;^ G D^J\4{X) is the constant sheaf. (In case k = C we may assume A4{X) = 
MHM(X), see Remark (1.9) below.) Then (1.4.1) and (1.8.1) should induce a relative 
Chow-Kiinneth decomposition in the weak sense by taking the projection to each direct 
factor. If we have another relative Chow-Kiinneth decomposition in the weak sense, then 
the corresponding projectors 7r/^j are identified with endomorphisms 

7r/,,:R/.Q^[3]^R/.Q^[3], 

and (1.4.1) gives a decomposition tt/^j = 0^ t,{'!^f,i)a,b such that {nf^i)a,b is identified with 

{7rf,,)a,beE^e-\PR'MQj^[3]),PR-U{Qj^m {i,a,b e {-1,0,1}). 
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In particular, (7r/^j)a,6 = for a > 6. We have also 

= id, and {'Kf,i)a,a = for i a (i, a G {-1, 0, 1}). 

Assume now r = 0, i.e. (1.1.1) does not not hold for any j. Then 

(1.8.2) {-Kf,i)a,b = if a- 6=1. 

Indeed, for (a, b) = (0, 1) we have by (1.4.3) 

ExtHQAs(-l)[2],e/.,)*L,[l]) = e.iy«(C°,L,)(l) = 0. 

For (a, b) = (—1, 0), the assertion follows from duality since Lj{l) is self-dual. 
By (1.8.2) we have for i = -1, 0, 1 

^f,i = + (7r/,i)-l,l- 

It is then easy to see that the condition tt/^q °'^f,o = 7i'/,o implies 

(7r/,o)-i,i = 0, i.e. 7r/,o = (7r/,o)o,o- 

In particular, tt/^q is unique in this case. Note that (7r/^i)_i^i + (7r/^_i)_i^i = by 
TTf^-ioTTf^i = 0, and (7r/^i)_i^i for |z| = 1 gives the ambiguity of the decomposition. In- 
deed, for any ry G Ext^(Q^^5(— 1)[2], Q^^^p]), we can replace TTf^i, T^f,-! with tt/^ + ry and 
7r/,_i — T] respectively. (If we assume the self-duality of the decomposition, this imposes 
some condition on the ambiguity.) 

If r > 0, then (1.8.2) does not hold, and the situation is rather complicated. It is not 
clear whether the uniqueness of the decomposition holds even the self-duality is assumed. 

1.9. Remark. In case the base field is C, the above argument can be justified. Indeed, 
let dx = dimX and Y = X X with the projections pri -.Y^X. Let Dy denote the 
dualizing complex. Then, using the adjunction and the base change in [20], we have the 
isomorphisms (see also [9]) 

Endo6MHM(S)(R'/*Qx) = Homo6]v[HM(x)(Qx, /'R'/*Qx) 

= Homo6MHM(x)(Qx,R(pri)*pr^Qx) 
= Homo6MHM(y)(P''tQx,p4Qx) 
= Ext-?;^-jjs(Q, Rr(y, T^ri-dx)). 

Here MHS and MHM(X) denote respectively the categories of polarizable mixed Hodge 
structures [10] and mixed Hodge modules on X [20]. We have moreover the following 

1.10. Proposition. Let Y he a complex algebraic variety such that dim Sing y < cZy — 2 
where dy — dimF. Then we have an isomorphism 

CHi(y)Q = Ext^-;j;-s(Q,Rr(y,Dy(i - dy)). 
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Proof. Let Z = SingY and U = Y\Z with the inclusions i : Z and j : U — > y. Since 
dim Z < dimy — 2, we have 

CH^(y) = cii\u). 

On the other hand, there is a distinguished triangle in D''MRM{Y) 
inducing a long exact sequence of extension groups Ext^bMHS 

(Q,Rr(y,*)), and 
Ext-lj^Hs(Q, T>z{l - dy)) = for z > 2dimZ, 

since 

Hf^{Z) = H-'iZ.Uz) = forz>2dimZ. 

So the assertion is reduced to the smooth case, and follows from [21], Prop. 3.4. This 
finishes the proof of Proposition (1.10). 

1.11. Decomposition of Prym motives. Let p : X — > y be a surjective finite morphism 
of algebraic varieties over a perfect field k. Assume X is smooth over k, Y is irreducible, 
p is generically of degree 2, and char k ^ 2. Let U he a non-empty open subvariety of Y 
over which p is finite etale of degree 2. Let 

a e Covl^iX, X) = CRdimxiX xy X)q = CRdimx{Xu xu Xu)q, 

such that its restriction over U is the involution associated to the finite etale covering of 
degree 2, where Xu — p~^(U). The relative Prym motive is defined by 

(1.11.1) Prym(X/y) = (X,7r) with 7r={id-a)/2. 
Assume now that X — Xi Y[^2- There is a canonical isomorphism 

(1.11.2) Xi ^ X2 over y, 

since Xi , X2 are the normalization of Y (because they are smooth over k and finite over 
y). For a = 1, 2, we have an isomorphism 

(1.11.3) Prym(X/y)^(X„A). 
Indeed, using the restriction over U, we get 

Cor^y{Xa,X) = Cor^y{X,Xa) = Q © Q, 
and (1.11.3) is reduced to 



(1/2 -1/2) 



1 

-1 



1/2 —1/2 

Here tt is represented by ( 2/2 ^ ^^"^g (1-1 1-2), and the isomorphism (1.11.3) is 



induced hy y and (l/2c — l/2c) which are identified respectively with elements of 

Cor^(X„,X) and Cor^(X,X„), where c is any nonzero rational number. 

If moreover X, Y are projective, then choosing a 0-cycle £ CHo(Xa)Q with degree 1 
in a compatible way with (1.11.2), the 0-th Kunneth projector ttx of (X^, A) is defined 

by 

Composing it with ^ and(l/2c —l/2c), we get the projector defining Prym°(X/y), 

and it is explicitly expressed by 

2 2 
Y,CaX [X„]/2 -J2^aX [Xs-a]/2 G Cor«(X,X). 

0=1 a=l 

Assume now that X is projective and irreducible, but 

k" := k{X) nk^ k{Y) nk=: k'. 



Here we choose an embedding k k{X). It induces k{X) k ^ k{X) and defines a 
geometric generic point of an irreducible component X^ q of X^ := X®^ k. Let G' and G" 

denote the subgroups of the Galois group G of k/k corresponding to k' and k" respectively. 
Set d' = \G/G'\, d" = \G/G"\ so that d" = 2d'. Let ^ e CHo(X)q with degree d" so that 
its restriction ^0 to X^ g has degree 1. Take gi & G {i E [l,d']), h E G' such that 

G = Uti9iG', G' = G"UhG", hence G = UtiidiG" U9ihG"). 

Here h'^G" = G" since \G' /G"\ = 2. (So gi can be replaced by gih.) The projector defining 
Prym''(X/y) is then given by 

d' 

^{9i^Q X 9i[X-k^o] - 9i^o X gMXj^^o] - gMo x gi[Xj^^o] + gMo x gih[X^^Q])/2. 

This is invariant by the action of G since g^^ = ^0, (/[X^q] = [X^ g] 9 ^ G" . The 
argument is similar for Prym^"^(X/y) with n = dimX (exchanging the first and second 
factors of the product). 

1.12. Remark. Let C be a smooth projective curve over k, and D = C®kk' where k' /k is 
a field extension of degree 2 (and char k ^ 2). Assume k' ^ k{C) so that D is irreducible. 
Then 

Cor°,(D, D) = CH°(D XcD)q = Q®Q, 

since 

D xc D = C ®k {k' ®kk') = C ®k {k' ®k') = Dl[D, 
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where the two D correspond to the diagonal and the antidiagonal. So we can define the 
Prym motive Prym(D/C) as in (1.11.1). However, it does not seem that 

(1.12.1) Prym(D/C) = (C, A), 

without taking the base change k ^k. It does not hold at least over C, since 

CorO,(i?,C) = CHO(i?)Q = Q. 

The problem is whether they are isomorphic over k, and we have to consider 

Cor°(D, C) = CH^((C C) 0^ k% = CR\D x^' D)q. 

In the case C is an elliptic curve without complex multiplication, it does not seem that 
the above group contains an element inducing the desired isomorphism. 
Related to this, we have the following problem: 

(1.12.2) Is there an isomorphism Prym(A;'/A;) = (Spec/c, A) ? 

Here the left-hand side is defined as in (1.11.1). Note that (1.12.2) holds after taking the 
base change k ^k. However, it does not hold without the base change since 

Cor^(Spec/c,Spec/c') = CH°(Spec A;')q = Q- 

Note also that (1.12.1) should imply (1.12.2) in case k fl k{C) = k since we should have 

(1.12.3) PrymO(L>/C) ^ Prym(A;7A;), h^{C) ^ (Spec k, A). 



2. Proof of main theorems 

2.1. Lemma. With the notation of (1.6), assume f,g are flat. Set n = dimX — dim 5. 
Let e e Coi's{X,S) = CH"+*(X)q and ^' e CorJ(5,y) = CW{Y)q. Let pn : X Xs 

Y ^ X and pr2 : X Xs Y ^ Y denote the projections. Then the composition ^' o ^ g 
Cor's+'{X,Y) = Cii^+'+^{XxsY)Q is given by prl^ ^n' = [Y], and pr^^' if^ = [X]. 

Proof. The flatness of /, ^ implies that X XsY ^ X x^Y \s & regular embedding and 
the pvi are flat. Moreover, we have locally a regular sequence deflning X x s Y iiv X x ^Y 
and it is a regular sequence for the pull-back hy X x^Y ^ Y oi any Oy-module. The 
last assertion follows from the flatness of pr2 together with the theory of regular sequences 
(see e.g. [23], p. 71) since the Koszul complex calculates the pull-back by the embedding 
X XsY ^ X X]fY . So the assertion follows. 

2.2. Lemma. With the notation of (1.6), let ^ e Cot^s{S,X) = CB.\X)q and ^' e 
Co4(X,S) = OT+^(X)q where n = dimX - dim 5. Then e Corf \S,S) = 
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CtV"^^ (S)q is given by /*(^ • e CH*"''-' (S')q, where ^ • ^' is the intersection of cycles on 
X. 

Proof. This immediately follows from the definition of the composition in (1.6). 

2.3. Lemma. With the notation of (1.1), let ^, ^' E Co4(X, X) = CH^(X Xs X)q which 

are represented by cycles supported in the inverse images of curves C and C respectively 
on S. Assume dimC DC' < dim 5" — 2 or one of the cycles belongs to pr*C}i^{S)Q where 
pr : X Xs X ^ S is the projection. Then their composition vanishes. 

Proof. If the second assumption is satisfied, we may assume that dimC (iC < dimS* — 2 
by the moving lemma on S, since one of the cycles comes from S. Then the composition in 
GH^{X Xs X)q is represented by a cycle supported in the inverse image of C fl C" which 
has codimension 2. So it vanishes. This finishes the proof of Lemma (2.3). 

2.4. Proof of Theorem 2. We first assume that k is algebraically closed. Take any 
^ e CH'^(X)q such that = [S], i.e. its restriction to the generic fiber of / is a zero- 
cycle of degree 1. The ambiguity of ^ is given by f*r] for rj G CH^(S')q. If s ^ SingC, 
there is an open neighborhood U of s such that the restriction of ^ over U is represented 
by [Z]/2, where Z is finite etale of degree 2 over U since / is a conic bundle. Set 

p = pr^^ e CotI{X,X) = CB.\X XsX)q so that ^p = wli, 

where pr^ is the z-th projection. By Lemma (2.1), we have 

p=[X]o^. 

where C e Cor|(X, S) = CH^(X)q and [X] e Cot%{S, X) = CH°(X)q. Then p and V are 
idempotents since we have by Lemma (2.2) 

(2.4.1) io[X]^ideCoY%{S,S). 

We have ^pop = since o [X] = in Cor^^(5', S) — 0. Note that po^p — pr*r] with 
rj = /^(^ . ^) e CH^(>5)q by Lemmas (2.1) and (2.2), where pr : X Xs X ^ S is the 
projection. So we can define 

7r/,-i =po(l- V/2), 7r/,i = {l-p/2)o*p. 

Indeed, setting 7r/^_i = p o (1 — a *p) and tt/^i = (1 — bp) o *p with a, 6 G Q, we get a + b = 1 
from the condition tt/^-iott/^i = 0, and a = b = 1/2 from the self-duality. Note that 
7^f,-i and TT/^i are still of the form prl^ and pr2^ respectively, replacing ^ with ^ — f*rj/2. 
Moreover, they are well-defined. Indeed, if we replace ^ with ^ -|- /*^, then = /*(C " is 
replaced by ry -|- 2(^, and hence 7r/,_i and tt/^i are unchanged. 

We get thus canonical isomorphisms of relative Chow motives 

(2.4.2) (X,7r/,_i) = (5,A5), (X, 7r/,i) = (5, A5)(-l), 

induced by C e Cor^(X,5) and e Cor^^(X,5) with inverse [X] e Cot%{S,X) and 
*^ e Cor^(S', X) respectively. 
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The action of 7r/^_i on f^{Q£^x[^]) is the identity for j = —1 and vanishes otherwise 
(and similarly for tt/^i), since we have a factorization 

(7r/,_i). : R/.(Q,,x[3]) ^ (Qa5[2])[1] R/.(Q,,x[3]). 

We now construct the middle projector tt/^o- Let Xj C Xc be the inverse image of 
Cj and let gj : Xj ^ X, pj : Xj Dj be natural morphisms. Set 

7i := e Gor-s\X,Dj), ij := G Cor^(i^,-, X). 

Let CTj be the involution of Dj associated with the double covering Dj/C'j. This is identified 
with a cycle defined by its graph. The projector 7r/^o,j corresponding to C'j is defined as 
in [19] by 

^/,o,i = ij ° TTj ° Ij with := {id - aj)/2. 

This is represented by a cycle supported in pr~^{Cj), but does not belong to pr*CH^(5')Q. 
More precisely, XjXgXj has two irreducible components corresponding to the compositions 
of correspondences 

{PjT °ido{pj)^ and {PjY ° cfj ° {Pj)*- 

Taking the composition with {gj)* and ((/j)*, we get the pushforward of these cycles by gj. 

By Proposition (2.5) below, 7j o*^^ g Cor^(L>,-, D,) = Cor^o{D°,D°) is expressed by 
the matrix 




Here — >^ C° is the restriction of pj : Dj C'j over C°; it is etale of degree 2. On the 
other hand, TTj := {id — aj)/2 is expressed by the matrix 

_l4-/^V2 -1/2 
2 1^-1/2 1/2 

which is an idempotent since = —2A. We get thus 

(2.4.3) ^j = ^jO^'.. 

This implies that tt/^oj is an idempotent, and moreover 

Thus we get an isomorphism of relative Chow motives over S 

{X,nf,o,j) = FTym{Dj/C'j){-l). 
Using the compatibility of (1.6.2) with the composition of correspondences, we get then 
{7rf,o,M^R'MQe,xm)) = M*Lj[l] in ^R^^Q^M^]), 
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i.e. the action of the idempotent tt/^oj on {ij')^Ljf[l] C ^i?°/*(Q^^x[3]) is the identity if 
j = j' , and vanishes otherwise. The action of ttj^qj' on ^-R*/*(Q£.x [3]) vanishes for |z| = 1, 
since TTf^j is supported in the inverse image of Cj. Moreover it foUows from Lemma (2.3) 
that 

^/,o,i ° 7r/,o,i' = foij^j'. 
So we get the middle projector 

We have to show the relation 

(2.4.4) 7r/,o,j °7r/,i = 7r/,i o 7r/,o,j = for \i\ = 1. 

Here it is enough to show 7r/,i °T^f,o,j = by duality. For i = — 1, it is reduced to 

i o *7j- o {id - cTj ) = in CovliDj , S) = CH° {Dj ) q . 

It is then enough to show the vanishing of its action on Q^-complexes on S 

{Pj)*Qi,D, ^ {Pj)*Qi,D, ^ R/*Q£,x(l)[2] ^ Qas(1)[2], 

where the morphisms are induced by {id — aj), *7j and ^. So the assertion follows by 
taking a general transversal slice T as in the proof of Proposition (2.5) below. (Indeed, ^ 
is represented by [Z]/2 over a dense open subvariety of 5" where Z is a general hyperplane 
section of the P^-bundle over S containing the conic bundle X, and the assertion is reduced 
to the vanishing of the intersection number of [Zt] and [X'^] — [X'J] in Xt- Here Xt = 
f~^{T), Zt = Z f] Xt, Xt is a smooth compactification of Xt, and Xg,X'J are the 
irreducible components of Xg where {s} —TDDj.) For i = 1, the assertion is trivial since 
^[X] o*7^. o (id - aj) belongs to CB.~^{Dj)Q = 0. 
Now we have to show 

(2.4.5) C := 1 - E-i<.<i ^f,i = in Cor° (X, X). 

It is enough to show that ( is nilpotent since it is an idempotent. As CH°(pr~''^(Cj))Q is 
4-dimensional for j < r', and is 2-dimensional otherwise, we have 

C = Pr*V + T.j<r' (P^lCj + Pr^i'j) + Ei CjTTf,0,j, 

where r] e CH^(5')q, G CR^{f~^{Dj))Q and Cj e Q. We have Cj = considering the 

action of ^ on {Lj)^,Lj[l] C ^/^'^/^(Q^^x [3]) which vanishes by the definition of (. (Indeed, 
the action of pr*!], pr^^j, pr2i'j on it vanishes by the same argument as in the case of ttj ±i 
using the factorization pr^^ = [X] o^, etc.) By Lemma (2.3), the assertion (2.4.5) is then 
reduced to 

Wlij °pr{ij = 0, pr^Cj- = 0, 
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Here prl^j = [X] o^^- and pr2^j = *^^ o*[X] in the notation of (2.4.1). We have the first 
vanishing since o [X] — f^^j = using Lemma (2.2), and similarly for the second. The 
third vanishing follows from the fact that ^[X] o [X] belongs to Cor^^(S', 5") = 0. For the 
last assertion, note that o e Cor5(5', S) = CH^(S')q. So (2.4.5) follows. 

Thus Theorem 2 is proved in the case k = k. The assertion in the case A; ^ is 
reduced to the case k = k since the construction of the relative Chow-Kiinneth projectors 
is compatible with the base change although the decomposition of the middle projector 
becomes finer after the base change. So Theorem 2 follows. 

To complete the proof of Theorem 2 we have to show the following. (In case C is 
smooth and irreducible, this also follows from [9], Example. 5.18.) 

2.5. Proposition. With the above notation, G CoT'^{Dj, Dj) = Cor^o(D|,D|) is 

expressed by the matrix A. 

Proof. Take a sufficiently general closed point s of Cj*. For s' G Dj lying over s, let 
Xs' denote the irreducible component of Xg corresponding to s' (this is identified with 
p~^{s') C Xj). Let T be a sufficiently general transversal slice to CJ at s, which is defined 

by 

(2.5.1) T = /t"^(c) \ {Cj \ {s}) for a sufficiently general c e k, 

where T nCj = {s} and /i is a function defined on a non-empty open subvariety U of S 
such that dh ^ oiiU and dh\ur\T 7^ on [/flT. Let Xt be a smooth compact ificat ion of 
Xt := f~^{T) (this exists since it is 2-dimensional) . The intersection matrix of Xs',Xs" 
in Xt (where s' , s" are the points of Dj over s G C°) is given by the matrix A since 

[Xs] ■ [Xg'] = in Xt where we may assume that /t : Xt — > T is extended to Xt T. 
As we have the injection 

Qor%{Dj Dj) C End{{pj),Qe), 
where pj : Dj Cj is the projection, it suffices to calculate the composition 

{Pj),Qi *3 i?V*Q^(i) ^ {Pj)*Qt- 

Here the first morphism naturally factors through 

which is the dual of the last morphism, where Ti^ is the local cohomology sheaf. 
Restricting these to the transversal slice T, we obtain 

(2.5.2) (7j)t ° (S-)t : Q^.' © Q^,^" ^ (h) Mti^) ^ Qi,s' © Q^,^", 

where /t : Xt T is the restriction of / over T and similarly for {'yj)Ti {^lj)T- Here 
Q,£,s' © Q^,s" is identified with a sheaf supported on s. The first morphism of (2.5.2) 
naturally factors through 

(S)t : Qi,s' © Q^,." ^ 1I\s}Wt)*Qi{1)). 
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By the generic base change theorem ([11], 2.9 and 2.10) this is the dual of the last morphism 
of (2.5.2) if c G /c in (2.5.1) is sufficiently general. We have to show that (2.5.2) is expressed 
by the intersection matrix A. 

For t, u E {s',s"}, the (t, -u) -component of (2.5.2) is given by the composition of 
morphisms of £-adic cohomology groups 

H^{{t}) S H\X,) H!{Xt){1) ^ H\Xt){1) ^^A^* H\X^){1) "-^ H\{u}\ 

where At : — > Xt is the restriction of ^j, and similarly for : Xy, — > Xt- This is 
shown by using the commutative diagram 

I T 

Ul{T,K) ^ H2(T,K), 

where K = R(/t)*Q^(1) so that H2(T, K) = H^{Xt){1), etc. 

Moreover the middle morphism H'^{Xt){1) H'^{Xt){1) naturally factors through 
H'^{Xt){1), and hence we can replace Xt with Xt in the above composition of mor- 
phisms. This implies that (2.5.2) is expressed by the intersection matrix A as is desired. 
So Proposition (2.5) follows. 

As for the uniqueness of the decomposition, it is rather complicated if r > 0. However, 
for r = we have the following. 

2.6. Proposition. Ifr = 0, the self-dual relative Chow-Kiinneth decomposition is unique. 

Proof. Let TTf^i be other mutually orthogonal projectors whose action on the cohomological 
direct images is the same as Tr/^^. Then izf^i = iZf^i over a sufficiently small open subvariety 
of S. Hence we have by the same argument as above (using the condition r = 0) 

7f/,i = 7^f,i+pr*r]i + Y.- aijTTf^oj with tji G CH^(S')q, a^j G Q. 

We have aij = by looking at the action on ^i?°/*(Q^^x[3]). We also get ?7o = by 
^/,o°^/,o = 7f/,o together with Lemma (2.3). Moreover, rj-i + ?7i = by 7f/,-i °7f/,i = 
since 

pr*?7_i o 7r/,i = pr*r]-i, 7r/,_i opr*?7i = pr*r]i. 

(Indeed, for G Cor^(5,X) = CH^(X)q and ^ G Cor|(X, 5) = CH\X)q, we have 
^2°^i = /*(^i -^2) G CH^(5')q by Lemma (2.2), and this is r] in case ^1 = ^ and ^2 = f*il 
since we can take a good representative of ^ as remarked at the beginning of this subsection. 
So the above equalities follow from Lemma (2.1).) Then the self-duality implies rj-i = 
7/1=0, and the uniqueness of the decomposition follows. 

2.7. Proof of Theorem 1. With the notation of (2.4), we have 

7r/,_i = [X]oe, nf,, = *^o*[X]. 
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Let 7rs,i be the Chow-Kiinneth decomposition for S in [17] where 7rs,i = for z ^ [0)4]. 
We may assume the self-duaUty 7rs,i = ^^SA-i ^ weU-known (by the same argument as 
in the construction of tt/^-i-i in (2.4)). Define 

TTx.i = [X] o ns,i ° ^ + *^ ° 7r5,i_2 5i,3 7r/,o, 

where 5i^s = 1 if z = 3, and otherwise. Then we have isomorphisms of Chow motives 

{X, [X] oTTs.ioO = {S,ns,i), {X,'ions,i-2°'[X]) = (^, 7rs,i-2)(-l), 

using ^ o [X] = id as in (2.4.1-2). Put Mqj = (X, 7r/,o,j)- If j > r, we obtain using duahty 

H\Mo,j) - H^-\Cj, {ij).Lj){-l) = 

for alH 7^ 3 in case k = k, hence the motive (X, ttx.s) only has cohomofogy in degree 3. 
So, using (1.11) for j < r, we get the Chow-Kiinneth decomposition for X as desired. 

2.8. Proof of Corollary 1. Using the action of correspondences on the Chow groups 
together with (2.4.4), we get 

CHaig(X)Q = 0_i<i<i (7r/,i)*CH^ig(X)Q, 

and 

(tt/ -i)*CH^ig(X)Q = CH^ig(5')Q, (7r/,i)*CH^ig(X)Q = CH^ig(S')Q, 
since ^ o [X] — id as in (2.4.1). We have moreover 

(7r/,o)*CH^,g(X)Q = . (^,)*CH^ig(i;,)Q = e,.CHi,g(iP,)5=-\ 

where the last term is the (— l)-eigenspace of CH^ig(Dj)Q for the action of aj. So the 
assertion is reduced to 

CHiig(^.)Q = ^(^.)(^)Q, 

where J{Dj){k) is the abelian group of the /c-valued points of the Picard variety of Dj/k. 
But this is well-known in case Dj has a /c- valued point, and the general case is reduced 
to this case using the action of the Galois group and the group structure of the Picard 
variety. This finishes the proof of Corollary 1. 

2.9. Relation with Murre's conjectures. Let T{S) C CH^ig(5') be the Albanese 
kernel, and put h'^{S) = {S,7rs,i)- Assume S/k is absolutely irreducible. Recall [18] that 
the rational Chow groups of the motives /i* (S) are given by the table 

/tO(5) h\S) h^{S) /i3(5) h\S) 
CH° Q 

CH^ Pi4/MQ NS(5)q 

CH^ T{S)ci Alb5/fc(A;)Q Q. 
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Assume r = for simplicity. Put Mq = (X, tt/^o); and set h'^{X) = {X,7rx,i)- Then 

h{X) ^ h{S) © h{S){-l) © Mo, 

and more precisely 











h\X) 


= h\S), 






h\X) 




-1)9 




h'{X) 


^h\S){- 


-1)9 


^h^{S)®Mo, 


h\X) 


^ h\S)i- 


-1)9 




h'ix) 


^ h^{S){~ 


-1), 




h^{X) 


= h\S){- 


-1). 





Hence the rational Chow groups of the motives h\X) are given by the table 

h°iX) h\X) h^{X) h^{X) h\X) h^{X) h^X) 

CH° Q 

CH^ Pic^/fc(A;)Q Q©NS(5)q 

CH^ T{S)q Aq NS(5)q©Q 

CH^ T(5)q Alhs/k{k)Q Q 

with 

Aq = Pic^/fc(/c)Q © Albs/fe(A;)Q © Vx{k)Q. 

The above table shows that the only correspondences that act nontrivially on CH-'(X)q 
are ttxj, • • ■ , T^x,2j- Hence Murre's conjectures A and B [18] hold for the conic bundle X. 
This is a refinement of results of del Angel and Miiller-Stach for uniruled threefolds [1]. 
At present, it is not clear whether X satisfies Murre's conjectures C and D. 

2.10. Remark. The decomposition 

h{X) ^ h{S) © h{S){-l) © (0 .Prym(L>,/C;)(-l)) 

implies that the motive h{X) is finite dimensional (in the sense of Kimura-0' Sullivan) if 
h{S) is finite dimensional. 
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